ODE Final Exam (2014/1/15) Total:150points
. (10%) Sketch the phase portrait of

dzy
g = %1+ 0w

dry __
d_t2 = —I1 — 2$2.

. (20%) By the definition of e4!, prove the following:
(i) Let A, B € R™". If AB = BA then eA+5)t = eAteBt,

(i) Let A= ( 8 (1) ), B= < _01 8 ) Prove that e(AB)t £ AteBt,

. (20%)Prove the following variation of constant formula and z(¢, zy) be the solution of
& — Az +g(t), Ae R™"
z(0) = xo
Then .
z(t, o) = ey +/ et g(s)ds.
0

. (20%)Consider the following Predator-prey system

L — yz(l - %) — axy
@ = Bz —d—dy)y
x(0) > 0, y(0) > 0 and ~,k,q,5,d,d > 0.
(i) Find all equilibria with nonnegative components.
(ii) Do stability analysis for each equilibrium.
(iii) Do isocline analysis & plot the portrait of the flow.
(iv) Predict the global behavior of the solution (z(t),y(t)).

. (20%)

(i) State stable manifold theorem.
(ii) Show that if y(¢), t < 0 is a bounded solution of integral equation
t t
y(t) = e Py(0) + / eI Py(y(s))ds + / Qg (y(s))ds,
0

—0o0

then y(t) is a solution of % = Ax + g(z), g(z) = o(|z]) as z — 0.

. (20%)



(i) Consider linear inhomogeneous system
©=Av+ f(t) (%),

where f(t) is a continuous 2m-periodic function. If there is a 27-periodic solution
y(t) of adjoint equation 3’ = — ATy such that

/0 YT () f(8)dt # 0.

Show that every solution z(t) of () is unbounded.(Hint: compute <% (y” (¢)z(t)))
and integrate from 0 to o).

(ii) Show that the resonance occurs for the second order linear equation
2" +wir = F coswt
when w = wy.
7. (20%)

(i) State Abel’s formula.
(ii) Show that dete? = e'2¢4 for any A € R™™".
dz

(iii) Let ¢, denote the flow of the autonomous system ¢ = f(z), z € R", and let Q

be a bounded region in R™. Define the volume of ¢,(€2),

()

Use Abel’s formula and change of variables formula for multiple integral to prove

av

_:/ divf (x)dz1dzy...dzy,
at Je o

n
where divf = Z %.
i=1

8. (20%)

(i) State Floque Theorem.
(ii) Let
—1+3cos?t 1—2costsint
Alt) = —1—2sintcost —1+ 3sin’t
2 2
Verify (—e!/? cost, e'/?sint) is a solution of 2/ = A(t)z. Show that the character-
istic multipliers are —e™?2, —e~ 7.



